We present a numerical implementation of generalized unitarity. We will show that we are able to obtain the box coefficients of any 1 loop gluonic amplitudes for an arbitrary helicity configuration and for any number of external particles.
Introduction
One loop amplitudes is an important and very complicated part of a scattering cross section calculation in high energy physics. Even for a small number of external particles the number of Feynman diagrams grows really fast, when one adds just one more leg. During the last years, there has been a lot of progress in understanding the complex structure of 1 loop amplitudes and new methods have helped us to work around Feynman diagrams in getting to the result. These methods depend on the complex plane structure of an amplitude when we continue all momenta to become complex.
The particular method that we focus, generalized unitarity, is a clever method of obtaining the coefficients of the master integrals, that constitute the diverging part of an amplitude. Based on cutting the propagators in the loop and obtaining a particular coefficient as product of tree amplitudes, the method lends itself naturally for an algorithmic implementation. We have developed just such an implementation, which (as a first step) computes the box coefficients of any 1 loop amplitude for any helicity configuration of the external particle. Since, implicitely, the method relies on the calculation of tree amplitudes with various helicity configurations, we have also numerically implemented the BCFW recursion equation.
The BCFW recursion equations
In this section we briefly present the BCFW recursion and its numerical implementation. But first let us agree on some definitions and convention that we use throughout this work.
Spinor definitions and conventions
It is a well established fact how a massless four-vector can be written as matrix using the Pauli matrices σ µ :
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Being a massless vector, the matrix p AḂ has a determinant zero det(p) = 0. It is known from linear algebra that a matrix with zero determinant can be written as a product of two columns which we call spinors:
We write these in a convienient bra-ket form as follows:
For definite helicities we can write these spinors as solutions of the Weyl equation:
With these definitions we can define inner products with spinors. There are two versions the 'angle' product and the 'bracket'. For real momenta these are conjugate of each other. For complex momenta this may no longer hold.
From the definitions of the spinors we can see that products like i + |j+ or i − |j− vanish. We can use these definitions to construct more complicated objects, with momenta sandwiched between spinors:
with a generalization for n momenta,
We will also use the identities:
Finally, as you may have already noticed, we will use the index of the momentum as the symbol for the spinor, when there is no confusion.
Analytic part
For a LO amplitude, and concentrating on gluons only for simplicity, the color information can be factorized from the kinematical part as follows:
where T a i are the SU (N ) matrices in the adjoint respresentation. The sum is over all non-cyclic permutations of the external legs. The part of the factorization A tree n (σ (1 λ 1 ) , . . . , σ(n λn )) now depends only on the external momenta, and the polarization vectors and is in a color ordered form. This has the nice property that all poles that appear in it are made of adjacent momenta, s 12 , s 23 etc. An almost identical result holds for quarks as well.
Some years ago , Britto, Cachazo and Feng [1] , showed that the kinematical part of the amplitude, the so called partial amplitude, has a nice factorization property that satisfies the recursion equation ( thereafter known as the BCFW recursion):
The color ordered amplitude is split into two terms, consisting of lower point ordered amplitudes, joint by a propagator
With an appropriate complex shift of the momenta the propagator can be put on shell. The simplest way to do that is by shifting the first and the last leg (denoted by a hat in the recursion), by a fixed amount with a complex constant z:
The z is chosen in such a way so that the shifted propagator is massless:
The sums are over all possible distributions of the external momenta into the two groups, keeping the special, shifted momenta in distinct groups, and over the helicities of the common propagator. The recursion was proven by Britto et al [2] using the analytic properties of the amplitude and by Lazopoulos et al [3] using standard Feynman diagrams analysis. The advantage of the BCFW recursion is that only a few terms are needed to compute a partial amplitude, compared to hundrends of Feynman diagrams using standard field theory techniques. This signals major cancellations between graphs that are automatically taken care of using the recursion. Thus, we arrive at relatively compact expressions for the amplitudes.
Numerical implementation
We have implemented the BCFW recursion, in a numerical FORTRAN90 code, that computes the partial amplitudes for QCD, including both quarks and gluons, for an arbitrary number of external legs. The only inputs in the code is the number of legs n, the QCD process, and the helicity configuration. We have compared the results, both for MHV and NMHV helicity configurations with known results from the literature and with HELAC [4] . We have also produced some new numerical results. Some results are shown in the following tables for 8 and 9 point amplitudes with and without quarks. We have used the following momenta values for the 8-point amplitude: 
Helicity Configuration
Partial Amplitude
1.143995504515313 10 −4 + 2.452584716117081 10
2.973212107227238 10 −8 + 1.495525686984027 10
1.899386258601871 10 −6 − 9.145607147903538 10 The following momenta configuration was used for the 9-point amplitudes: Table 2 . Results for 9-point partial amplitudes. Notations are the same as before 3 The next step: NLO
The color factorization structure for the LO amplitudes, persists for NLO amplitudes only slightly more involved:
where G n;1 (σ) is the leading color structure:
and G n;c (σ) is the subleading color structure:
The colored ordered amplitudes of the subleading terms, A n;c (σ), can be written as linear combinations of permumations of the leading color amplitudes A n;1 (σ), so the latter are called primitive amplitudes. For the rest of this paper we focus on these primitive amplitudes. By restricting ourselves to cyclicaly ordered primitive amplitudes we reduce the labour of computing hundrends or thousands of Feynman diagrams to a reduced set of diagrams. Now each of those diagrams is an integral over the loop momentum. The integrands of those integrals are made of tensors or vectors of the external momenta and the loop momenta. It would an enormous simplification if we could further reduce these to a basic set of integrals, so that every diagram could be written as a combination in this basis. It turns out that such a reduction is possible, either using standard Passarino-Veltman techniques [5] , or the more recent OssolaPapadopoulos-Pittau [6] reduction method. Thus all loop integrals can be brought down to a basis consisting of up to 4 propagators: 
As a result any 1 loop amplitude can be written as a linear combination in this basis, with algebraic coefficients.
where R n are the rational terms. More explicitly we can write:
where B, C and D are the bubble, triangle and box integrals respectively. Analytic expressions and singularity structure for these integrals can be found for example in [7] 4 Generalized Unitarity
Unitarity of the scattering matrix in field theory implies the conservation of probability. On the amplitude level unitarity says that cutting a loop gives the discontinuity in the scattering amplitude. By cutting we mean putting a propagator on shell, which amounts in the replacement:
At the diagrammatic level this the well known Cutkosky rule. In general, at the amplitude level, cutting an amplitude in a given channel isolates those integrals that have a discontinuity across that channel. In other words cutting gives a linear combination of master integrals with algebraic coefficients. If we wish to isolate one single integral we must go a bit further and insist more propagators go on shell. This goes under the name of generalized unitarity [8] . For the box integrals in particular this is quite easy to do. Cutting four propagators, isolates a single box integral. The cut breaks the loop integral in four tree level amplitudes (one at each corner of the box) and the coefficient of the box integral is simply the product of those tree amplitudes: Fig.1 Cutting 4 propagators, gives the Box coefficient, as a product of the tree level
where {i} , {j} etc., denotes the collection of momenta in that vertex of the box. One also averages over the two solutions of the quadratic equation one obtains by putting four propagators on shell. Finally there is a sum over the helicities of the propagators.
Simple example A(1 + , 2 + , 3 − , 4 − ) We have to satisfy the on-shell conditions: l 2 1 = 0, l 2 2 = 0, l 2 3 = 0, l 2 4 = 0. Choosing l 2 to be : l µ 2 = ξ 1 − |γ µ |2− , where ξ is a normalization, satisfies the first three. The last will determine ξ. The product of the trees in the corners of the box is:
We can combine the numerator into one factor:
Using the identities l 3 l 4 = l 3 ( l 3 + 3) = l 3 3 and l 2 l 3 l 4 = l 2 l 3 3 = l 2 ( l 2 + 2) 3 = l 2 2 3 this can be simplified:
Combining appropriately factors in the denominator, we can simplify the expression:
Putting together numerator and denominator and using conservation of momenta we finally get:
Numerical Implementation
We have implemented generalized unitarity in a numerical FORTRAN 95 code. For the time being it has been implemented for box coefficients only and for purely gluonic amplitudes (no quarks in the loop). The evaluation of the box coefficient goes through the following steps:
• Lists all possible groupings for the external momenta: The external momenta are grouped in 4 groups (the corners of the box), in all possible, distinct ways. Sums of these momenta make up the channel that the cut is computed.
• Solutions of the onshell loop momenta condition: The system of equations: ℓ 2 1 = 0, ℓ 2 2 = 0, ℓ 2 3 = 0, ℓ 2 4 = 0 for the cut loop momenta is solved and the two solutions, that we have to average over are evaluated
• The tree amplitudes are computed: For each corner of the box we compute the tree amplitude defined by the external momenta in that corner, the solution for the loop momentum that we just obtained and the particular helicity configuration of the grouping of the external momenta. The computation of the tree amplitudes is done automatically using the numerical code for the BCFW recursion that we discussed in a previous section.
• Finally the coefficient for that particular cut is computed, using Eq. (22).
We have produced some results for two 1-loop processes, namely gg → 8g and gg → 9g for various choices of helicity configurations and for various channels (particular coefficients of a master integral). We have used the same momenta configuration as in the BCFW recursion section. We have compared our results with the ones in the literature and we have also produced some new numerical results in the case of 1-loop 9 gluon amplitudes. The results are shown in the following tables. The code provides all the coefficients for a particular process at once. Typical times for the two processes shown in the tables are of the order of 1/10th of a second on a 64-bit Intel Core Duo at 2GHz. Table 4 . Results for 1-loop, 9-point primitive amplitudes
Triangle coefficients can be obtained in much the same way. Cutting 3 propagators does not immediately isolate a single integral but it gives a triangle integral plus a sum of box integrals [9] . This is because the particular box integrals share the same cuts with the triangles. The boxes have to be subtracted in a suitable way. This can naturally be implemented in our algorithm since box coefficients are computed already. For bubble integrals, cutting 2 propagators and subtracting the triangle and box contributions will isolate a single coefficient. Work is in progress to implement just this procedure.
Summary and Outlook
We presented numerical implementations for the BCFW recursion equations and 1-loop coefficients of box integrals using generalized unitarity. In the case of the BCFW recursion equations we were able to provide, in a fast algorithmic way, multi-particle amplitudes both old and new, namely in the case of 9 parton Leading Order amplitude. For the implementation of generalized unitarity we are able to compute all box coefficients at once for an arbitrary number of particles and helicity configuration. Some new coefficients for the 1 loop 9 gluon amplitude were presented. Work is in progress to include quarks in the picture (easy step since this is already done in the BCFW recursion code) and also complete the implementation by computing triangle and bubble coefficients.
